Notations.
Let F be a nonarchimedean local field with a ring R of integers and a uniformizer u of the maximal ideal of R. Denote by q the cardinality of the residue field R/(u) of F. Let r,n be positive integers. Put G -GL(n,F),K -GL(n,R).
Let pr be the cyclic group of order r. Denote by G the r-fold central topological covering group of G (see [FK] ). Then there is an exact sequence 1 -► pr -i+ G -^+ G -* 1, with a preferred section s: G -* G of p. We identify pr with its image via i. We also fix an embedding of pr in the field C of complex numbers. Suppose that r is a unit in R (its valuation is one). Then K embeds (see [FK] ) as a subgroup of G; we identify K with its image. Fix a Haar measure on G by the requirement that the volume of K is one.
Let LC(G//K) denote the commutative convolution algebra (see [FK] ) of complex-valued compactly-supported Tf-biinvariant anti-genuine functions on G. A function /: G -> C is called anti-genuine if f(tg) -Ç_1/(o) for all c in pr and g in G. In writing çg we used the embedding of pr in G; in writing Ç~1f(g) we used the embedding of pr in Cx. Let tt be an irreducible representation of G which is unramified (has a nonzero K-ñxed vector) and genuine (ir(çg) = ?7r(a); ç in pr, g in G). By the theory of the Satake transform (see [FK] ) it determines an algebra homomorphism, denoted again by tt, of LC(G//K) into C.
For any n-tuple m = (mi,..., mn) of integers, denote by um the diagonal matrix whose ith diagonal entry is um' (1 < i < n). Denote by N the group of upper triangular unipotent matrices in G. The section s injects N and urZ as subgroups of G (see [FK] ). We identify N and urZ with their images in G. Write m(i) for m = (1,..., 1,0,... ,0) where 1 appears in the first i places. Let /¿ (1 < i < n) be the member of LC(G//K) which is supported on prKurm^K and attains the value 1 at urm^. Then LC(G//K) is isomorphic to the polynomial ring generated by /i, ...,/"• Choose n complex numbers ti,...,tn so that the ith elementary symmetric function Symi((iJ)) = 2»i<-<ij'i» ""'à m tne *i'8 ^s eQual to gír^_1'/27r(/¿) (1 < i < n). Let £ be the diagonal matrix whose ith diagonal entry is í¿ (1 < i < n). It lies in GL(n,C) since detí = qnr{n-1)/2ir(fn) ¿ 0.
Let c(t) be the complex-valued function on Zn which attains the value zero at m = (mi,..., mn) unless mi > • • • > mn, where c(t;m) = det(ifJ+n-i; 1 < i,j < n)/det(i?-3; 1 < i,j < n).
Here the numerator is called a Schur function (see [M, p. 24] ), and it is divisible in Z[íi,...,í"] by the denominator, which is the Vandermonde determinant Y\(ti -tj) (1 < i < j < n). Note that for m with m\>
•■• > mn, c(t;m) is the value at t of the character of the irreducible representation of GL(n, C) with highest weight m. We have c(t;m(i)) = Sym¿((í_,)), and this is equal to qlT ('-1^27r(fi) by the definition of t.
Choose a character tb of the additive group of F which is trivial on R but not on u~xR. Denote by ip also the character of N given by ip(x) = n™=Ti ^(zi.t'+i), where ¡Cj^+i is the (i,i + 1) entry of x. Given w and V, the function VF on G is called an unramified Whittaker function associated with 7r and %¡) if it satisfies Let I(i) be the set of all n-tuples e = (ei,..., e") with entries e¿ equal to zero or one such that ex-\-\-en-i.
Put NR -N C\ K and NR(e) = NR n ueKu"e. Denote by f[xureK) the right /i-invariant anti-genuine complex-valued function on G which is supported on prxureK (e in I(i),x in NR/NR(re)), and attains the value one at xure.
We first assume the validity of the following lemma. Since the Hubert symbol (-, •) is nondegenerate we can find a unit o with (a, x) ^ 1; indeed, (a, 6) = 1 for any pair a, b of units, hence there exists some unit a with (a,u) = c, where ç is a primitive rth root of unity. It follows that /¿ is supported on the subset Pr (J JVñW^w;-1/*: of G.
Since this set is contained in prKum^K, the Lemma follows.
REMARK. If 7r has a Whittaker model, namely we have ir(g)W(h) = W(hg)
for all h,g in G, then a(d;m) = Tr(s(ud)urm)a(0;0), and in particular a(d;0) = ir(s(ud))a(0;0) for all d in D. In this case there exists a unique (up to a scalar multiple) unramified Whittaker function associated with ir,ijj.
